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Algorithm Parallel Sort.
Input. Avector v of n total elenents,
evenly distributed anong p processors.
output. An evenly distrbuted vector w
wth the sane distribution as v,
contai ning the sorted el enents of v.
1) Sort the local elenents v; into a
vector vy’ o
2) Determne the exact splitting of
the local data

Abstract— The abstract goes here.

I. INTRODUCTION

Parallel sorting has been widely studied in the last couple
of decades for a variety of computer architectures. Many
high performance computers today have distributed memory,
and commodity clusters are becoming increasingly common.

The cost of communication is significantly larger than the a) nput e tial Sung ro =0
cost of computation on a distributed memory computer. We and ry = 4T de for j=1...p.
: , . o b) se a Tel sel ect

propose a sorting algorithm that is close to optimal in both a gorithmto find the e enents
the computation and communication required. The motivatio e1,....ep—1 Of global rank

for the development of our sorting algorithm was to implemen ry,...,rp—1, respectively.

sparse matrix functionality in Matlab*P [10]. c) Egr Staght Ij haVale Fi)r n%c&ssor Si0

Blelloch et al. [1] compare several parallel sorting algo that r;= " sy and the first

rithms on the CM-2, and report that a sampling based sort

_ . : : ; elenents of vare no |arger
and radix sort are good algorithms to use in practice. We

Si
tF]an €j.

first tried a sampling based sort, but this had a couple of
problems. A sampling sort requires a redistribution phase a
the end, so that the output has the desired distribution. The
sampling process itself requires “well chosen” parameters
yield “good” samples. We noticed that we can do away with

3) Reroute the sorted el enents in vy’
according to the indices s;:
processor i sends el enents in the
range sij—i...sij tO processor j.

4) Local ly nerge the p sorted

sub-vectors into the output w;.

both these steps if we can determine exact splitters quickly -
Song et al. [9] describe a quick parallel selection alganith ~ The details of each step now follow.
Our algorithm extends this work to efficiently finp— 1 exact A Local Sort

splitters inO(p log n) rounds of communication, providing a

1-optimal parallel sorting algorithm. The first step may invoke any local sort, as applicable to

the problem at hand. It is beyond the scope of this study to
devise an efficient sequential sorting algorithm, as thélero
is very well studied. We simply impose the restriction that
the algorithm used here should be identical to the one used
Before giving the concise operation of the sorting algonth for a baseline comparison on a non-parallel machine. Define
we begin with some assumptions and notation. the computation cost for this algorithm on an input of size
We are givenp processors to som total elements in a n to be Ts(n). Therefore, the amount of computation done
vectorv. Assume that the input elements are already be lo&gl processoi is just Ts(dj). Because the local sorting must
balanced, orevenly distributed over thep processors.Note be completed on each processor before tiyenext) step can
that the values may be arbitrary. In particular, we rank theroceed, the global cost isiax; Ts(di) = Ts [g][l With

processord . ..p, and definev; to be the elements held locally 5 radix [sort, thisppecomed(n/p); with a comparison-based
by processoi. Thedistribution of v is a vectord whered; = (. 5 n Ig D
PP

[vi]. Then we saw is evenly distributed if it is formed by the
concatenatiow = vy ...vp, andd; < Eg]IZﬂor anyi. B. Exact Splitting
In the algorithm description below, we assume the task isig step is nontrivial, and the main result of this paper

to sort the input in increasing order. Naturally, the choe (5,5 from the observation that exact splitting over liya
arbitrary and any other comparison function may be used. ¢, tad data can be done efficiently.

The method used for simultaneous selection was given by
Lif this assumption does not hold, an initial redistributitep can be added. Saukas and Song in [9], with two main differences: local

Il. ALGORITHM DESCRIPTION



ranking is done by binary search rather than partition, and Iteration

we perform O(lgn) rounds of communication rather than 1 [12]3]
O(lg cp) for some constant. For completeness, a description
of the selection algorithm is given below.

1) Sngle Sdlection: First, we consider the simpler problem
of selecting just one target, an element of global rakThe
algorithm for this task is motivated by the sequential mdgho
for the same problem, most notably the one given in [2].

Although it may be clearer to define the selection algorithm
recursively, the practical implementation and extensioto i
simultaneous selection proceed more naturally from ar;a-iterFi‘.Jla-1 i-o nlfixigt?slerg)r(]e%ug?g ;’Lgeift?g”sg Itift]riflfoeiﬁm@gtsc-h'ﬁg?;cg"fﬁgo?\?;
tive description. Deﬁn? an active rgnge to be the Contiguoﬁﬁ‘e root g the entirge/-‘:,J air’1d thegbold t?aces which ranges are ayctive gt ea.lch
sequence of elementswithat may still have rank, and leta;  iteration. The array at'a node represents the target ramkshy be found by
rep tits size. Note that the total number of active etgmn the _sea’rch path, and the vertical bar in the array indicéteselative position
is  j—; &;. Initially, the active range on each processor is th pivots rank
entire vectorviDandai is just the input distributiom;. In each
iteration of the algorithm, a “pivot” is found that partitis the
active range in two. Either the target element is found, er th The amount of communication is straightforward to com-
next iteration continues on one of the partitions. pute: two broadcasts per iteration, f@r(plgn) total bytes

Each processor performs the following steps: being transferred oveD(Ig n) rounds.
| 2) Smultaneous Selection: The problem is now to select

1) Index the mediarm; of the active range of;; and ) i )
broadcast the value. multiple targets, each with a different global rank. In the

2) Weight medianm; by _ Find the weighted context of the sorting problem,l\fpte_—l\ﬂ/ant tpe— 1 elements
_l i

. . ksl of global rankd;,d; + dz,..., °_; di. One simple way
medlan_ of mediansnm, defined by the property Ihatto do this would call the single selection problem for each
the weights of the{m;i|m; < mmn} sum to at most;,

do th iahts of thém: Im; = desired rank. Unfortunately, doing so would increase the
3 ?35 o the We;gn S0 %?:'lm't_ Mm}- oiCto d number communication rounds by a factor @fp). We can
) inary searcimm over the active range avi10 de- 464 this inflation by solving multiple selection problems
termine the first and last positiorfs and l; it can be

. red into th red 1o Broadcast th : independently, but combining their communication. Stated
inserted into the sorted vectof: Broadcast these two another way, instead of finding— 1 paths one after another

values. :
from root to leaf of the binary search tree, we take a breadth-
4) Computef = IEl.Ifi andl = IEL' The element first search with breadth at mogt— 1 (see Figure 1)
Mm has rankdf, [] in v. _ To implement simultaneous selection, we augment the sin-
5) It r LI, 1], thenmp, is the target ele.ment and we eX't'gle selection algorithm with a seA of active ranges. Each
Otherwise truncate the active range. of these active ranges will produce at least one target. An
Increasg the bottom mdex lp+1if I <r; or decrease iteration of the algorithm proceeds as in single selecthort,
the top index tof; — 1 if r < f. finds multiple pivots: a weighted median of medians for each
Loop o-n the truncaFed active rf';lnge. ) _ active range. If an active range produces a pivot that is éne o
We can think of the weighted median of medians as a piv@he target elements, we eliminate that active range ffofas
because it is used to split the input for the next iteratitiis iy the leftmost branch of Figure 1). Otherwise, we examine
a well-known result that the weighted median of medians c@3ch of the two partitions induced by the pivot, and add it to
be computed in linear time [8], [3]. One possible way is t@\ if it may yield a target. Note that as in iteratiofisand 3
partition the values with the (unweighted) median, accateul Figure 1, it is possible for both partitions to be added.
the weights on each side of_the median, and recurse on thg, slightly more detail, we handle the augmentation by
one that has too much weight. Therefore, the amount gjoping overA in each step. The local medians are bundled
computation in each round i®(p) + O(lgai) + O(1) = together for a single broadcast at the end of Step 1, as are the
O(p + Ig 3) per processor. - local ranks in Step 3. For Step 5, we use the fact that each
Furthermore, as shown in [9], splitting the data by thgctive range inA has a corresponding set of the target ranks:
weighted median of medians will decrease the total numbgipse targets that lie between the bottom and top indices of
of active elements by at least a factor pfBecause the step the active range. If we keep the subset of target ranks sorted
begins withn elements under consideration, there @@gn) 3 pinary search over it with the pivot rahkwill split the
iterations. The total single-processor computation fe2cn  target set as well. The left target subset is associated with
is thenO(plgn +1g 5 lgn) = O(plgn + Ig”n). the left partition of the active range, and the right siddiof

2To handle the case of non-unique input elements, any elemapactually SActually, we binary search for the first positich may be inserted, and
have a range of global ranks. To be more precise, we want tdHmélement for the last position may be inserted. If the two positions are not the same,
whose set of ranks contains we have found at least one target.



similarly. The left or right partition of the active rangetge Height
added toA for the next iteration only if the corresponding
target subset is non-empty.

The computation time necessary for simultaneous selection
follows by inflating each step of the single selection by adac 0 1 2 3 4 5 6 7 8 9 10
of p (becausdA| < p). The exception is the last step, where
we also need to binary search o¥@¢p) targets. This amount Fig. 2. Sequence of merges fpmot a power of 2.
to O(p+p?+plg 5+p+plgp) = O(p?+plg 5) per iteration.
Again, there areéD(lg n) iterations for total computation time
of O(p2Ign + plg? n).

This step runs inO(p) space, the scratch area needed to From this tree, we merge pairs of sub-vectors out-of-place,
hold received data and pass state between iterations. for cache efficiency. This can be done by alternating between

The communication time is similarly inflated: two broadthe temporary space necessary for the rerouting step, and th
casts per round, each having one processor $2(n) data €eventual output space.
to all the others. The aggregate amount of data being sent idNotice that a merge will move a particular element exactly
O(p? Ign) over O(lg n) rounds. once (from one buffer to its sorted position in the other er)ff

3) Producing Indices: Each processor computes a locaFurthermore, there is at most one comparison for each elemen
matrix S of sizep x (p + 1). Recall thatS splits the local move. Finally, every time an element gets moved, it goes into
datav[into p segments, withs,o = 0 and Skp = dx for asorted sub-vector at a higher level in the tree. Therefack e
k =1...p. The remainingp — 1 columns come as output ofelement moves at mogig pdimes, for a total computation
the selection. For simplicity of notation, we briefly deberi time of d;[g pLJAgain, we take the time of the slowest
the output procedure in the context of single selection; ftrocessor, for computation time di@[l]g pCd
extends naturally for simultaneous selection. When we find
that a particulamy, has global rank§f, 1) [}, we also have
the local ranks; andl;. There arax —f excess elements with E. Theoretical Performance
value my, that should be routed to procesdarFor stability,

w b

o N

We want to compare this algorithm against an arbitrary

we assignsk; from i = 1 to p, taking as many elements as _ . X : Lo
possible without overstepping the excess. More precisely, parallel sorting algorithm with the following properties:
% ; — 1) Total computation timeT h,p) = %Ts(n) for 1 <
Si =min _fi+ (re —F) — F:I(S =), I; p < P, linear speedup ip over any sequential sorting
ki I‘f_'—l K i1 S EARLN algorithm with running timeTs(n).
2) Minimal amount of cross-processor communication
The computation requirements for this step &¢?) to THV), the number of elements that begin and end on
populate the matriX; the space used is alsd(p?). different processors.
C. Element Rerouting We will not go on to claim that such an algorithm is truly

p optimal parallel algorithm, because we do not require

This step is purely one round of communication. There exi . N :
inputs such that the input and output locations of each eheme$5(n) to be optimal. However, optimality dfis(n) does imply

are different. Therefore, the aggregate amount of df;ltagbeOpﬂmality of Toth, p) for p < P. Briefly, if there were a faster
' lPﬂn,p) for somep, then we could simulate it on a single

communicated in this step ©(n). However, note that this . _
cost can not be avoided. An optimal parallel sorting aldnit processor for tota! t_mepTRn,p) < pTeth.p) = Ts(n),
gﬁéch is a contradiction.

must communicate at least the same amount of data as d

in this step, simply because an element must at least moyé) Computation: We can examine the total computation
from its input location to its output location. time by adding together the time for each step, and comparing

The space requirement is an additio(d;), because we against the theoreticdlgh, p):
do not have the tools for in-place sending and receiving of

data. Ts(CIOH O(p? Ign + plg? n) + CHITIG p ]
%Ts(n +p) +O(p2lgn + plg?n) + (TG p]
Toth+p,p) + O(p?Ign + plg®n) + (TG p ]

D. Merging

Now each processor hagssorted sub-vectors, and we want
to merge them into a single sorted sequence. The simple
approach we take for this problem is to conceptually build
a binary tree on top of the vectors. To handle the casp ofThe inequality follows from the fact thati¢h) = Q(n).
that are not powers of 2, we say a node of heighas at most It is interesting to note the case where a comparison sort
2! leaf descendants, whose ranks ar¢kin2!, (k +1) - 2") for is necessary. Then we use a sequential sort Wifn) <
somek (Figure 2). It is clear that the tree has heightlg p[] CE%IDI};E%IIZﬂor somec = 1. We can then combine this cost

IN



with the time required for merging (Step 4): Exact splitting dominates the cost beyond the local sort and
the rerouting steps. The total running time is th@ ”'F?” +

CE%HE@E%HE Eg][l]@pl:l % + Ilgnmax{L, gp?Ign}). This bound is an improvement
= cFty(n +p) + [HIIGpL3clgp) on that given by [6], for smalL and p?lg? n. The tradeoff
= cl:%ﬂl:l]y n+ clig]l:lg(l +B)+ E%HE(J]Q p=+clgp) is that we have decreased one round of communicating much
_ ¢on Ign data, to use many rounds of communicating little data. Our

+lgn +2c + ([GCHF p not a power of 2 gyperimental results indicate that this choice is reastenab

[1l. RESULTS
With comparison sorting, the total computation time beceme e communication costs are also near optimal if we assume

Th, p) + O(p2 lgn +pIg? n) + (CACH p not a power of 3 that p is small, and there is little overhead for a round
(1) of communication. Furthermore, the sequential computatio

FurthermoreT h, p) is optimal to within the constant factor SPeedup is near linear § [ n.Jand we need comparison-
C. based sorting. Notice that the speedup is given with respect
2) Communication: We have already established that thé @ sequential algorithm, rather than to itself with snall
exact splitting algorithm will provide the final location§the T he intention is that efficient sequential sorting alganighand
elements. The amount of communication done in the reroutiffgPléementations can be developed without any consideratio

phase is then the optimal amount. Therefore, total cost is; for Parallelization, and then be simply dropped in for good
parallel performance.

TS(V) in 1 round+ O(p? Ign) in Ign rounds We now turn to empirical results, which suggest that the
3) Space: The total space usage aside from the input iS:e_xact splitting uses little computation and communication
1 1 time.
2N .
O p°+ D A. Experimental Setup

4) Reau s Gi h bounds. it is clear that thi We implemented the algorithm using MPI with C++. The
| ) _theqw_reme? S “t/'enl ; e52e< %un S '<'S ¢ gart at % otivation is for the code to be used as a library with a simple
algoriihm 1S only practical fop” = 7 Cp%l<n. Re ur?;ng interface; it is therefore templated, and comparison bassd
to the formulation given in Section II-E, we hape= [*L] 5 sequential sort, it calist abl e sort provided by STL.
This requirement is a common property of other parallel e test the algorithm on a distributed-memory system built
sorting algorithms, particularly sample sof| from commodity hardware, with 16 nodes. Each node contains
5) Analysisin the BSP Model: A bulk-synchronous parallel 5 xeon 2.40 GHz processor and 2 Gb of memory. Each node
computer, described ir?], models a system with three paramss connected through a Gigabit Ethernet switch, so the mtwo
eters:p, the number of processork;, the minimum amount jistance between any two nodes is exactly two hops.

of time between subsequent rounds of communication;and | this section, all the timings are based on the average of
a measure of bandwidth in time per message size. FoIIOW|gtht trials, and are reported in seconds.

the naming conventions of [5], defime to be the ratio of

computation cost of the BSP algorithm to the computation cd8. Sorting Uniform Integers

of a sequential algorithm. Similarly, defineto be the ratio  For starters, we can examine in detail how this sorting algo-
of communication cost of the BSP algorithm to the numbefihm performs when the input values are uniformly disttém

of memory movements in a sequential algorithm. We say @&indom (32-bit) integers. After we get a sense of what steps
algorithm is c-optimal in computation ift = ¢ + 0o(1) as tend to be more time-consuming, we look at other inputs and

n - oo, and similarly forp and communication. see how they affect the times.
We may nact#lrarlly compute the ratioto be Equation 1 over  Figure 3 displays the speedup of the algorithm as a function
Ts L(h, p) = =27 Thus, of the number of processors over a wide range of input
3 2|an 1 sizes. Not surprisingly, the smallest problems already run
n=1+ (F:J_n +P cr? + m =1+0() asn - oo very efficiently on a single processor, and therefore do not

benefit much from parallelization. However, even the bigges
Furthermore, there exists a movement-optimal sorting -algproblems display a large gap between their empirical speedu
rithms ([4]), so we computqs against 2. It is straight- and the optimal linear speedup.
forward to verify that the BSP cost of exact splitting is Table | provides the breakdown of the total sorting time
O(lg nmax{L, gp?Ign}), giving us into the component steps. As explained in Section II-C, the
cost of the communication-intensive element reroutingran
=1+0(1) asn - oo be avoided. Therefore, we may examine how this algorithm
performs when excluding the rerouting time; the speedups in
Therefore the algorithm is 1-optimal in both computatiom anthis artificial setting are given by Figure 4. The resultsgesy
communication. that the algorithm is near-optimal for large input sizes (of

u:1+pLIgn+p3Ig2n
gn n
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II_ T d T T T T T TABLE I
Inear speedu
P 300|\FA) e ABSOLUTE TIMES FOR SORTING UNIFORMLY DISTRIBUTED INTEGERS
14 + 0.5 Million integers
p Total || Local Sort | Exact Split Reroute Merge
1 0.097823 0.097823 0 0 0
12 2 0.066122 0.047728 0.004427 | 0.011933| 0.002034
) 4 || 0.038737 0.022619 0.005716 | 0.007581 | 0.002821
% 8 0.029049 0.010973 0.012117 | 0.004428 | 0.001531
g 0F 16 || 0.030562 0.005037| 0.021535| 0.002908| 0.001082
3 sl 32 Million integers
g p Total || Local Sort | Exact Split Reroute Merge
S 1 7.755669 7.755669 0 0 0
§ 6 I 2 || 4.834520 3.858595 0.005930 | 0.842257 | 0.127738
3 4 || 2.470569 1.825163 0.008167 | 0.467573| 0.169665
o 8 1.275011 0.907056 0.016055 | 0.253702 | 0.098198
4 16 || 0.871702 0.429924 0.028826 | 0.336901 | 0.076051
L | 300 Million integers
O*f T S, p Total || Local Sort | Exact Split Reroute Merge
' R 1 || 84.331021] 84.331021 0 0 0
0 L L L L L I I 2 || 48.908290[] 39.453687| 0.006847| 8.072060| 1.375696
2 4 6 8 10 12 14 16 4 ]| 25.875986 | 19.532786| 0.008859 | 4.658342] 1.675998
) Number of processors ] 8 || 13.040635 9.648278 0.017789| 2.447276| 0.927293
Fig. 3. Total speedup on various-sized inputs 16 6.863963(|] 4.580638| 0.032176| 1.557003| 0.694146
16
14 +
12 +
[}
E B
s wof <
S P
& sl g
g &l - -
o A
o t:zr+
g er i +
Q et +
& + o Py [ I e S .
AL bt ] Pt o] RN LU TN orm g
2 5 4 5 6 7 5 9 1 1 12 1 u 15 1w
Z 4 . . Number of Processors, )
2 ,.o‘ e A 7 Fig. 5. Evidence of the empirical running time @(plgn) for exact
- g O G Gy splitting. Inside each slalp is fixed while n increases (exponentially) from
0 . . . . . . . left to right. The unlabelled/-axis uses a linear scale.

2 4 6 8 10 12 14 16

Number of processors
Fig. 4. Speedup when leaving out time for element rerouting

; in this step is entirely dominated by the communicationufég
or very lge 5 provides further support of the empirical bound: modulo
some outliers, the scaled splitting times do not show a clear

We can further infer from Table | that the time for exacfendency to increase as we move to the right alongtiaeis
splitting is small. The dominating factor in the splittingne (more processors and bigger problems).
is a linear dependence on the number of processors; because

little data moves in each round of communication, the cantstac, Sorting Contrived Inputs

overhead of sending a message dominates the growth in . . .

message size. Therefore, despite the theoretical perfmmaD' Comparison against Sample Sorting

bound of O(p?1g®n), the empirical performance suggests Several prior works 7] conclude that an algorithm known
the more favorablé®(plgn). This latter bound comes from as sample sort is the most efficient for lang@ndp. Such al-
O(lg n) rounds, each takin@(p) time. The computation time gorithms are characterized by having each processorlalitri

at least 32 million), and “practically optimal”
inputs.



TABLE Il

its [H[@élements intg buckets, where the bucket boundaries
COMPARISON AGAINST A SORFFIRST SAMPLE SORT ON UNIFORM

are determined by some form of sampling. Once the buckets

. . . INTEGER INPUT
are formed, a single round of all-to-all communicationdals,

. . . . 8 Million integers
with each processar receiving the contents of thih bucket 5 Exact | Sample Redist
from everybody else. Finally, each processor performs some 2 |[ 0.79118 [ 0.842410 0
local computation to place all its received elements inesbrt 4 || 0.44093 | 0.442453| 0.081292
order 8 || 0.24555 | 0.257069| 0.040073
) . . . . 64 Million integers
The major drawback of sample sort is that the final distri- b Exact| Sample| Redist
bution of elements is uneven. Much of the work in sample 2 || 6.70299| 7.176278 0
sorting is directed towards reducing the amount of imbaanc 4 || 3.56735]| 3.706688 | 0.702736
providing schemes that have theoretical bounds on thedarge 8 || 2.01376] 2.083136] 0.324059
amount of data a processor can collect in the rerouting. The
problem with one processor receiving too much data is that TABLE Il
the computation time in the subsequent steps are domingited BERFORMANCE OF A SORTLAST SAMPLE SORT ON A UNIFORM INTEGER
this one overloaded processor. As a result, 1-optimalitgase INPUT
difficult to obtain. Furthermore, some applications regquan 32 Million integers
fatp e thic ; p Sample Bucket Sort Redist
gxgct output distribution; t.hIS is often the case when Bg_rtl e
is just one part of a multi-step process. Then an additional 7170000260 0671177 | 1884212 | 0 308441
redistribution step would be necessary, where the elements 8 || 0.000449| 0.373997 | 0.926648| 0.152829
across the boundaries are communicated. 16 ]| 0.000717] 0.222345] 0.4/2611] 0.081180
We compare the exact splitting algorithm of this paper with 300 Million integers
e : : : : 16 ]| 0.000717] 1.972227] 4.785449] 0.695507
two existing sample sorting algorithms, described in [1Z],

and [1].

1) A Sort-First Sample Sort: The approach of [11] is to
first sort the local segments of the input, then use everigre: the input used is uniform, allowing regular sampliag t
spaced elements to determine the bucket boundariesésg)itt work well enough. The largest excessn these experiments
Because the local segment is sorted, the elements thatgoelmmmains under the bound of [7].
to each bucket already lie in a contiguous range. Therefore2) A Sort-Last Sample Sort: The sample sort algorithm
a binary search of each splitter over the sorted input pewidgiven in [1] avoids the final merge by performing the local
the necessary information for the element rerouting. Afiter sort at the end. The splitter selection, then, is a randadnize
rerouting, ap-way merge puts the distributed output in sortedlgorithm with high probability of producing a good (but not
order. Note that the high-level sequence of sort, spliputs, perfect) output distribution. Given the splitters, the kets are
merge is identical to the algorithm presented in this papéarmed by binary searching each of th&input elements
If we assume the time to split the data is similar for botbver the sorted set of splitters. Because there are at feast
algorithms, then the only cause for deviation in executidsuckets, creating the buckets has cﬁég Igp). The theoret-
time would be the unbalanced data going through the mergeal cost of forming buckets is at least that of merging.
Defines to be the smallest value where each processor ends\dditionally, the cost of an imbalance depends on the
up with no more tharl I3+ s elements. The additional costsequential sorting algorithm used. With a radix sort, thaex
of the merge step is simpl@(slgp). Furthermore, the cost (additive) cost simply become®(s), which is less than
of redistribution isO(s). The loose bound given in [11] isthe imbalance cost in the sort-first approach. However, a
s =0(). comparison-based setting forces an increase in compntatio

One of the authors of [7] has made availaBlehe source time by a super-linea@(slg 2).
code to an implementation of [11], which we use for compar- We were unable to obtain an MPI implementation of such
ison. This code uses a radix sort for the sequential taskctwhia sample sort algorithm, so implemented one ourselveseTabl
we drop into the algorithm given by this paper (replacingl contains the results, with the rerouting time omitted as
STLs stabl essort). The code also leaves the output inrrelevant. By comparing against Table |, we see that the
an unbalanced form; we have taken the liberty of using olocal sort step contains the expected inflation from imbedan
own redistribution code to balance the output, and repat thnd the cost of redistribution is similar to that in Table II.
time for this operation separately. From the results given Bomewhat surprising is the large cost of the bucket step;
Table I, we can roughly see the linear dependence on thile theoretically equivalent to merge, it is inflated bycha
redistribution onn. Also, as? decreases (by increasipgfor inefficiencies and an oversampling ratio used by the algerit
fixed n), we see the running time of sample sort get closer to
that of the exact splitting algorithm. IV. DiscussioN

The result of [7] improves the glgorithm in the choice The algorithm presented here has much in common with the
of splitters, so thas is bounded by np. However, such a one given by [9]. The two main differences are that it perferm
guarantee would not significantly change the results ptedenthe sequential sort after the rerouting step, and contaires o



round of O(2) communication on top of the rerouting cost[10] V. Shah and J. R. Gilbert, “Sparse matrices in MatlabBesign and
This additional round produces an algorithm that is 2-optim___ implementation,’HiPC, 2004. . .
in communication; direct attempts to reduce this one round %1] H. Shiand J. Schaeffer, “Parallel sorting by regulanpéing,”J. Parallel
’ Distrib. Comput., vol. 14, no. 4, pp. 361-372, 1992.
communication will result in adding anoth%’rlg% term in
the computation, thus making it 2-optimal in computation.
Against sample sorts, the algorithm also compares favor-
ably. In addition to being parameter-less, it naturally ibkk
a few nice properties that present problems for some sample
sort algorithms: duplicate values do not cause any imbalanc
and the sort is stable if the underlying sequential sortablst
Furthermore, the only memory copies of s'@«ég) are in the
rerouting step, which is forced, and the merging, which is
cache-efficient.
There lies room for further improvement in practical set-
tings. The cost of the merging can be reduced by interleaving
the p-way merge step with the element rerouting, merging
sub-arrays as they are received. Alternatively, using a dat
structure such as a funnel?{] may exploit even more good
cache behavior to reduce the time. Another potential area of
improvement is in the exact splitting. Instead of travegsin
search tree to completion, a threshold can be set; when the
active range becomes small enough, a single processorgathe
all the remaining active elements and completes the compu-
tation sequentially. This method, used by Saukas and Song
in [9], helps reduce the number of communication rounds in
the tail end of the step. Finally, this parallel sorting altfon
will directly benefit from future improvements to sequehtia
sorting and all-to-all communication.

V. CONCLUSION

To the best of our knowledge, we have presented a new
deterministic algorithm for parallel sorting that givesteoag
case for exact splitting. Modulo some intricacies of defarm
ing the exact splitters, the algorithm is conceptually dernp
understand, analyze, and implement. Finally, our implemen
tation is available for academic use, and may be obtained by
contacting any of the authors.
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